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Abstract
We study the form factors of heavy{to{heavy and heavy{to{light weak decays
using the light{front relativistic quark model. For the heavy{to{heavy B ! D
()
semileptonic decays we calculate the corresponding Isgur{Wise function for the
whole kinematic region. For the heavy{to{light B ! P and B ! V semilep-
tonic decays we calculate the form factors at q
2
= 0; in particular, we have derived
the dependence of the form factors on the b{quark mass in the m
b
!1 limit. This




using the single{pole assumption. This shows that the q
2
depen-
dence of the form factors in regions far away from the zero{recoil could be much
more complicated than that predicted by the single{pole assumption.
1 Introduction
In the last few years, great progress has been made in understanding weak decays
of hadrons containing heavy quarks. The heavy quark symmetry, which appears
in the heavy quark limit, can simplify many aspects of the weak decays of heavy
hadrons [1]. Due to the heavy quark symmetry all form factors in the heavy{to{






= D or D

) can be related, in
the heavy quark limit, to a single universal function called the Isgur{Wise function.
The Isgur{Wise function is of nonperturbative origin and has been of great interest
to both theoretical and experimental studies. In particular, the Isgur{Wise function
of the B ! D
()
semileptonic decays has been widely studied [2, 3, 4, 5, 6].
The heavy quark symmetry can also shed some light on the heavy{to{light type
of weak decays. For example, one can derive the dependence of form factors (there
is more than one form factor in this case) on the heavy quark mass in the zero recoil
region, i.e near q
2
max
[7]. However, away from the zero{recoil region, one still needs
a model{dependent method to understand the form factors.
In this paper we study the form factors of heavy{to{heavy and heavy{to{light
weak decays using the light{front relativistic quark model. The light{front relativis-
tic quark model was developed quite a long time ago and there have been many
successful applications [8, 9, 10, 11]. Here we use this model to calculate the Isgur{
Wise function for the heavy{to{heavy B ! D
()
semileptonic decays. It is known
that the light front model usually can only work at q
2
 0. However, it is possible
to use the results at q
2
= 0 to get the Isgur{Wise function for the whole kinematic
region [12].
We also study the form factors in the heavy{to{light decays such as B ! 
and B !  semileptonic decays in the heavy b{quark limit. In particular, we are
interested in the dependence of these form factors on the b{quark mass m
b
since the
pole{dominance assumption for the form factors is usually used to go away from
the zero{recoil region. Heavy{to{light weak decays are especially sensitive to the
q
2
dependence of the form factors with such an assumption. The scaling behavior
of these form factors at q
2
= 0 allows us to compare with the pole{dominance




The paper is organized as follows. In section 2 we present a brief introduction
to the light{front relativistic quark model; in section 3, we calculate the Isgur{Wise
function for B ! D
()
decays; in section 4 we study the heavy{to{light form factors
in the heavy quark limit and give conclusions in section 5.
2 The light{front relativistic quark model
The light{front relativistic model [8] has been recently applied to many aspects of
heavy meson weak decays [9, 10, 11]. Here we give a brief introduction to the model.
A ground{state meson V (Qq) with spin J in the light{front quark model can be
2





























































































































































































The wave function 	
J;J
3


















is the potential and m
V
is the meson mass.
Rotational invariance of the wave function for states with spin J and zero orbital








































































































































































































































explicit expressions of U
1;J
3
in Eq. (10) can be found in ref. [10].































































































; : : : . There are contributions other than the one given in Eq. (13) if a
current is not a \good" current [9].
























































(0). For the B meson transition to a




















































































































































































) does not contribute to the decay B ! K

. In
































Using the \good" current   = 
+
and Eq. (13), we can obtain the following


























































The form factor F
1
































































where the momentum k in the B meson and k
0



























































represent respectively the quantity M
0
of (3) for mesons B
and P . The formulae for the other form factors can be obtained similarly using the



































































































































































































































































































































































In [9], similar formulae have also been given.
6
3 The wave functions
The meson wave function (x; k
?
) is model dependent and dicult to obtain; often
simple forms are assumed for them.























The parameter ! is a scale parameter and should be of the order of 
QCD
. This
wave function have been used in many previous applications of the light{front quark
model [8, 9]. The result are generally quite successful.















Here N is the normalization constant. Eq. (30) in fact diers from Eq. (29) only

























). The two wave functions are equivalent since they dier only by
a constant factor. The wave function (30) has been also applied for heavy mesons
for which the two quarks certainly have dierent masses [14, 15].











































where M is the mass of the meson.


















The wave function (x; k
?

























































is the meson decay constant. When the decay constant is known, this
condition is usually one of several ways to determine the values of parameters in the
7
wave function. For heavy mesons such as the B meson it imposes a constraint on











We have not included perturbative corrections in (34).
We now consider the general behavior of the heavy{meson wave function (x; k
?
)
in the heavy quark limit m
b









) of a heavy meson is known to have a peak









! 1 and 
x
! 0 as m
b
! 1. Thus the














the coordinates, then we expect that jkj should, in general, be of the order of 
QCD
.









+    (35)
where
~
 is a function of k
2
?
but it is of order of 
QCD
.
All three wave functions listed before have the above general feature. However,
as we show in the appendix, the wave functions (29) and (31) satisfy the scaling law
(34) but (30) does not. The wave function (31) is obtained assuming factorization
with respect to the spin and orbital motion [12, 17] which is not the case in the
light{front relativistic quark model. Thus we will only use the wave function (29)
in the following sections.
4 The Isgur{Wise function of B ! D
()
decays
With the formalism and the wave function given in the previous sections, it is now
straightforward to calculate the form factors of the B ! D
()
semileptonic decays.




























holds for both D and D

mesons). In the integrals (21) and (24){(27),





























































































































































































































We are left with two sets of form factors. Now we need to show that these two
sets of form factors are equal, as required by the heavy quark symmetry. For the
special mass ratio r = 1, we can show analytically that all the above form factors
equal 1. However, it is not easy to show that the form factors in (39) and (40) are
equal for an arbitrary ratio r. Nevertheless we can use numerical calculation to show
that these form factors are indeed equal [18]. Thus there is only one independent
form factor in the model, as required by the heavy quark symmetry. This form












































































In [12, 17] it is argued that the knowledge of the form factor h at q
2
= 0 suces
to determine the Isgur{Wise function in the whole kinematic region. The basic idea
































= 0 xed, y changes as the mass ratio r changes in the interval [1;1]
















Hence we obtain the Isgur{Wise function (y) in the whole kinematic region even




It is easy to see the Isgur{Wise function obtained this way satises (1) = 1
since when r = 1 then h = 1 and y = 1. Also, the Isgur{Wise function satises


















) < 0 [12, 17].
The nal Isgur{Wise function is calculated numerically. We use the light quark






= 0:25GeV. For the heavy quark masses,
f
D
' 200MeV for m
c
= 1:6GeV and !
D





= 4:8GeV and !
B




lie in the ranges of







= 0:55GeV to work in the heavy quark limit. The Isgur{Wise















To see the dependence of the Isgur{Wise function on the light quark masses, we also
give the result corresponding to m
2
= 0:30GeV. In Figure 1 we show the Isgur{Wise
function (y) for the B ! D
()






(m = 1; 2) which correspond to the single{ and double{pole{
like form factors in the heavy quark limit.
The 
2












(1) = 1:27 ; m
2
= 0:30GeV : (46)
For comparison, we list in Table I a number of recent calculations of 
2
. The





1). The values from QCD sum rule calculations [4] are generally
somewhat smaller. The non{relativistic quark model [5] gives 
2
' 0:67 (with the
large recoil eect used to t the  electromagnetic charge radius) but a relativistic




5 Form factors of heavy{to{light decays in the
heavy quark limit
In this section we study the form factors of heavy{to{light transitions B ! P (Qq)
and B ! V (Qq), where m
b
!1 as before, but the quark Q is a light quark.
Consider the form factors of equations (21) and (24{27). Since the wave function
of the B meson peaks near x ' 1, i.e. x! 1 when m
b
!1, the integrands usually
also have a peak. The x coordinate of this peak takes, in general, the form





) ; n > 0 ; (47)
where n depends on the specic form of the wave functions. (With the wave function












Therefore, regardless of the specic form of the wave functions, terms in the expres-




can be ignored when m
b
!1. This
is similar to what we saw in the last section for the heavy{to{heavy transitions. For



















































































































































































in the limit m
b
!1. Thus in the light{front quark model we obtain two indepen-
dent form factors for B ! V transitions regardless of the specic form of the wave
function. Because of Eq. (50) we found [21, 10, 22] that the ratio I which relates
the decay rate of B ! K





= 0 is 1 in the SU(3) avor
symmetry limit.
In general there should be four independent form factors for the heavy{to{light















) are independent of each other [23]. Here, in the light{front relativistic quark






. This can be traced back to the treatment of the quark spins (7{
10), which corresponds to a weak{binding limit [24]. This is a known approximation
in the light{front quark model [25]. In the matrix element for the heavy{to{light
transition B ! V the integrand has contributions only from x
1
= x! 1 asm
b
!1.













)! 1 ; (52)
even though the quarkQ is light. Thus the Melosh rotation aects only the spectator
quarks.
We now use the wave function (29) to obtain the form factors, the details of


































































being the meson scale parameters in wave



















(0). It is interesting to note that though there are in general two sets of form
factors for B ! V transition, these two sets of form factors become equal when we
use the wave function (29). We attribute this equality to the specic form of the
wave function (29). We see no reason that this is generally true for arbitrary wave






















(L = V or P ).
The dependence of the heavy{to{light form factors on m
b
is interesting because
it allows us to compare with the prediction from the pole{dominance assumption
for the heavy{to{light form factors. For example, Burdman and Donoghue [26] have
pointed out the inconsistency between the scaling behavior of the heavy{to{light
form factor at q
2
max
and the single{pole{like form factors used in the BSW model














































= 0 when m
b
!1.
Thus in BSW model the single{pole{like q
2
dependence can certainly not produce
the scaling law (55).
12
The light{front quark model is a relativistic quark model which contains many
important ingredients not included in the BSWmodel. Obviously, a single{pole{like
q
2
dependence combined with (55) can not produce our results. In our opinion, this
is an indication that a single{pole{like q
2
dependence may not be correct, at least





= 0. In fact the pole{
dominance assumption is generally expected to be correct only near the zero recoil
region. The actual q
2















) may have similar type of q
2









) also has a similar q
2























The form factors in the heavy{to{light B ! P and B ! V semileptonic decays
and their dependence on the b quark mass in them
b
!1 limit have been studied by
many other people [20, 27, 28, 29, 30, 31, 32]. In particular, in [29, 30] the light{cone





, which is not in agreement with a single pole






consistent with a single pole assumption for the whole kinematic region. Though















Finally, we give the numerical results of the form factors at q
2
= 0 for the






(0) = 0:26 ; f
B!
1
(0) = 0:28 ; V
B!




(0) = 0:30 ; A
B!
1
(0) = 0:21 ; A
B!
2








(0) = 0:37 ; V
B!K














(0) = 0:24 : (57)




= 0:55GeV ; for , , K and K

,


















In this paper we have studied the form factors of the heavy{to{heavy and heavy{
to{light weak transitions in the light{front relativistic quark model. For the heavy{
to{heavy B ! D
()
transitions we have shown that the form factors satisfy the
heavy quark symmetry relations. We have calculated the corresponding Isgur{Wise
function. The slope of the Isgur{Wise function agrees with most other calculations.
We have also studied the heavy{to{light B ! P and B ! V transitions. For the
transition B ! V the model produces at most two independent form factors. In
13
general there are four independent form factors; this reduction comes from using the
weak binding limit and is independent of the choice of wave function. With a specic
wave function, we have derived the dependence of the form factors (at q
2
= 0) on
the b quark mass in the m
b
! 1 limit. This dependence can not be produced by




assumption. This shows that the q
2
dependence of the form factors in regions far
away from the zero{recoil could be much more complicated than that predicted by
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1. Wave functions and the scaling law (34)
Here we examine the wave functions (29{31) to see if they satisfy the scaling law
(34).
We rst look at the wave function (29). Fot the B meson the wave function

B
(k) in the integral (33) does not lead to any m
b





































Next, we look at the wave function (30). In fact we can show that wave functions
of the following type for the B meson do not satisfy the scaling law (34):

B
(x; t) = N
B















and g(x; t) is some polynomial, rational or irrational function. We assume the func-
tion 
B
(x; t) peaks when f(x; t) has a minimum. Suppose f(x; t) is at its minimum
when x = x
0














= 0 : (62)
We expand f(x; t) around x = x
0
and t = t
0
:























































































We can show higher order terms in x can be neglected. (Obviously there is no higher
















) determine the width




). The wave function can be considered as zero
when (x   x
0
) is of order larger than m
 3=2
b
and t   t
0









Now we can determine N
B
of (60) from the normalization condition (32). We











































+ ) +    (66)
and the wave function (60) becomes

B




























where g(; ) has no dependence on m
b
and j is some number depending on the
specic form of g(x; t). For the wave function (30) which is an example of (60)

B


















































































































































! 1 in the m
b
! 1 limit. In both (70) and (71)










comes from the integration{variable transformation. From








for the wave function of type (60).
We can show that the wave function (31) satises the scaling law (34).
2. Heavy to light form factors in the heavy quark limit
Now we use the wave function (29) to study the dependence of the heavy{to{light
form factors onm
b
















































































(L = P for B ! P transition; L = V for B ! V transition)
and ~g(k
z




can be expressed in terms of k
z
and t through (22).




; t) is where the integrand peaks. Suppose the coor-
























































) +    (75)
One can show higher order terms in (75) can be neglected. We nd
t
0







































































































in t. Hence in the m
b





like a  function in t and the contribution to the integrands in (49){(51) comes only
from t
0
= 0. In terms of the coordinate x the peak is at
x
0











+    ; x
20













+    : (78)
19
It is interesting to notice that though x
0
! 1 as in the heavy{to{heavy decays,
x
20
= 1   x
0
has a dierent dependence on m
b







Again, in terms of x, one can show that the contribution to the integrand comes
only from x = x
0
.
Because of (76) and (78), the integrands in (49){(51) become much simpler.
To obtain an analytical expressions for integrals in (49){(51) we again introduce a
































































)+    (80)
We substitute (79) into the integrals (49){(51) and keep the leading terms in the
expansion in m
b






























































































































































































(L = P or V ) : (82)































































































The dierence between F
1
(0) and the form factors of B ! V transition comes from
the scale parameter.
20







(0) = V (0) are equal in our calculation. Since in terms of the


















! 0 : (84)







































































In the square brackets of (86) we keep the m
2
term because the other two terms,
though of higher order in m
b
, cancel each other, as we begin to show now. The
denition of 
V

























































































; t) : (89)


































































































































































































































= 0 : (94)










in (86) cancel and (86) becomes 1, equal to









Figure: The Isgur{Wise function (y) for the B ! D
()
semileptonic de-
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